Recently Eling and Oz [1] proposed a simple formula for the bulk viscosity of holographic plasma. They argued that the formula is valid in the high temperature (nearconformal) regime, but is expected to break down at low temperatures. We point out that the formula is in perfect agreement with the previous computations of the bulk viscosity of the cascading plasma [2, 3] , as well as with the previous computations of the bulk viscosity of N = 2 * plasma [4, 5] . In the latter case it correctly reproduces the critical behaviour of the bulk viscosity in the vicinity of the critical point with the vanishing speed of sound.
Introduction and Summary
In [1] Eling and Oz (EO) considered 1 effective five-dimensional gravitational description of strongly coupled gauge theory plasma frequently arising both in phenomenological and the formal examples of the holographic gauge theory/string theory correspondence [7, 8] 
In the absence of chemical potentials for the conserved U(1) charges they proposed a simple formula for the ratio of bulk-to-shear viscosities in holographic plasma dual to (1.1):
where T is the plasma temperature (equivalently the Hawking temperature of the black brane dual to the equilibrium thermal state of the plasma),
is the speed of sound waves in plasma, and φ H i are the values of the gravitational scalar fields φ i evaluated at the black brane horizon. The remarkable feature of the expression (1.2) is in the fact that it can be evaluated entirely from the 'horizon data'. The reason 1 See [6] for related earlier work.
why this is unexpected is that the bulk viscosity is sensitive to the microscopic scales in the theory, which in holographic correspondence are encoded in non-normalizable components of the appropriate scalar fields near the boundary 2 . In fact, above was precisely the reason the authors of [1] suggested that the formula (1.2) validity should be restricted to the high temperature case -in this case the scalar fields are expected not to flow a lot from the boundary to the horizon, and thus their horizon values should remain sensitive to the microscopic parameters of the boundary gauge theory.
EO formula (1.2) was successfully verified [1] for a wide set of gauge theory/string theory examples, where bulk viscosity was evaluated from the sound waves attenuation coefficient [14] [15] [16] [17] . Furthermore, it was found [1] that while (1.2) is valid in some phenomenological models of gauge/gravity correspondence [18] [19] [20] , it is violated in some other models [21, 22] .
In this paper we demonstrate that, at least in the context of formal examples of holographic correspondence, the range of validity of (1.2) is much wider. In particular, in section 2 we verify (1.2) for the cascading gauge theory plasma to order O ln
Results are presented in section 2.1. In section 3 we verify (1.2) for N = 2 * gauge theory plasma for all temperatures 4 . In particular, we demonstrate that (1.2) is valid in the vicinity of the phase transition with vanishing speed of sound [23] [24] [25] . Notice that in this latter case the finiteness of the bulk viscosity at criticality, along with the vanishing of the speed of sound at criticality, implies that the derivatives of the scalar fields must diverge at the critical point for (1.2) to be valid. Results are presented in sections 3.1 and 3.2.
It would be interesting to understand precisely why (1.2) fails for phenomenological models [20] [21] [22] . It is intriguing that these models also violate the bulk viscosity bound proposed in [4] . Thus, the derivation of (1.2) might be the first step towards proving the bulk viscosity bound in formal holographic examples.
2 This should be contrasted with the familiar universality of the shear viscosity to the entropy density ratio [9] [10] [11] [12] which can be evaluated in the membrane paradigm framework [13] . 3 Original computations of the bulk viscosity in this theory were done in [2, 3] . 4 Original computations of the bulk viscosity in this theory were done in [4, 5] .
Bulk viscosity of the cascading plasma
Effective gravitational action for the cascading gauge theory plasma was derived in [2]
where P = −24e
f −2w + 4e
In this case (1.2) reads
As argued in [3] , it is technically challenging to study bulk viscosity of the cascading plasma for all temperatures. Instead, it was studied in [3] perturbatively (to the third sub-leading order) at high temperature. From (2.3)-(2.7) of [3] h
Notice thatã 0 dependence disappears for the scalars entering (2.3), and the only temperature dependence enters via K ⋆ = K ⋆ (T ). We refer the reader to [3] for the asymptotic parametrization of various functions {κ 2n , ξ 2n , η 2n , λ 2n , ζ 2n }.
The pressure P, the energy density E, and the entropy density s of the cascading plasma are given by [26] 
The precise temperature dependence of K ⋆ was determined in [27]
Using (2.12) and the expressions for the pressure and the energy density from (2.10)
we find
Thus, given the perturbative high temperature expansion forâ 2,0 we can evaluate from (2.13) the perturbative high temperature expansion for c 2 s 
(2.14)
Consistency of the first law of thermodynamics (which was verified in [3] with an accuracy of ∝ 10 −7 ) implies (see (4.5) of [3] ) 16) where the coefficient V 4 is given in Appendix.
Eq. (2.16) should be compared with the expression for the bulk viscosity derived in [3] (see (4.14) in [3] )
For convenience we collect in Table 1 numerical values for all the coefficients entering (2.16) and (2.17) as computed in [3] .
Comparison of (1.2) with bulk viscosity of the cascading plasma
Using (2.16) and (2.17) and the data from Table 1 we find:
3 Bulk viscosity of N = 2 * plasma Effective gravitational action for N = 2 * gauge theory plasma was obtained in [28] where the potential
is a function of α and χ, and is determined by the superpotential
In this case (1.2) reads:
In what follows we present results only for N = 2 * gauge theory plasma at vanishing fermionic mass 7 [23] . The latter case corresponds to setting χ ≡ 0.
As pointed out in [23] , and further explored in [24, 25] , strongly coupled N = 2 * gauge theory plasma undergoes a second-order phase transition at
(3.5) 6 We set the five-dimensional gauged supergravity coupling to one. This corresponds to setting the radius L of the five-dimensional sphere in the undeformed metric to 2. 7 Although we did not verify this fact explicitly, based on the agreement for m f = 0, we do not expect discrepancy between (3.4) and the direct computation of the bulk viscosity for m f = 0. At the critical point the speed of sound vanishes. We discuss separately the cases δ < δ c , and |δ c − δ| ≪ 1.
We use asymptotic parametrization of the scalar function, the speed of sound, and the bulk viscosity as in [5] ρ ≡ ln α , c s ≡
3.1 Comparison of (1.2) with N = 2 * bulk viscosity away from criticality:
We rewrite (3.4) assuming functional dependence ρ
From eq. (2.11) of [5] ,
Thus, given the data sets {ρ 11 , ρ 10 , ρ 0 , a 0 , a 1 , β 1 , β 2 } obtained in [4, 5] we can reconstruct the functional dependence ρ 0 (δ). The result of such reconstruction is presented in 
Having an (approximate) analytic expression for ρ 0 ≈ ρ f it 0 (δ), we can compute the prediction for the bulk viscosity of N = 2 * plasma from (1.2)
We find that the numerical agreement between (3.10) and the original result (3.6) is excellent - Figure 2 presents the functional dependence of
Again, the vertical green dashed line represents the critical point of N = 2 * plasma.
The agreement is relatively worse for small values of δ and in the vicinity of the critical point. In the former case, this is caused by numerical errors for the evaluation of the bulk viscosity ( the larger errors are induced due to small amplitude profiles of the gravitational scalar field α ), and in the latter case the relatively worse agreement is caused by the choice of the 'fit' (3.9) (in the vicinity of the critical point dρ 0 dδ is expected to diverge as β −2 1 ). As was already pointed out in [1] , the agreement between (3.7) and (3.6) can be established analytically to order O(δ). In the next subsection, with a suitable parametrization of the horizon value of the scalar field at criticality, we drastically improve the agreement between (3.7) and (3.6) for δ close to δ c .
Comparison of (1.2) with N = 2
* bulk viscosity at criticality |δ c − δ| ≪ 1 An important prediction of [4, 5] is that the bulk viscosity of N = 2 * plasma remains finite at criticality, where c We find
where now we understand ρ 0 = ρ 0 (β) and δ = δ(β). These two functions can easily be reconstructed from the data sets {ρ 11 , ρ 10 , ρ 0 , a 0 , a 1 , β 1 , β 2 } obtained in [4, 5] -see We can now compute the prediction for the bulk viscosity of N = 2 * plasma from (1.2)
(3.15) Figure 4 presents the functional dependence of 
